
Ga r y : suppose m , n c - I N a n d

god ( m a n ) = I .

I f 4 E Z ,

m l k ,
n 1k , t h e n

(mm)) h .

proofs
-

B y t h e previous c o r o l l a r y ,

F a , b C- 2 w i t h

|=gcd(min) = a m t b h .

Mul t ip ly ing by K ,

K = k(amtbn)= K a m t h b n .



B u t w e k n o w
t h a t a 1k and

b l k , s o I in tegers s a n d t

w i t h k e a s , K c b t ,

Subs t i t u t i n g i n o u r equa l i ty,

k = (b t ) (am) t (as)(bn)

k = a b ( t m ) t a b ( s n )

k : a b ( t n t s n )

⇒ a b I k

s



Preposition: Let
p b e prime a n d l e t

M E 2 , i n t o .
T h e n either

plan o r gcd(p, n ) = / .

proof: suppose god ( B n ) t l .

T h e n w i t h D = god (p , n ) ,

d t p and d i n . B u t

A t l and p i s prime, s o

w e m u s t h a ve D = p ,
and

consequently, p I n .

D



Proposition: L e t p
b e prime. L e t

M i n E R , M ¥ 0 # n . I f

plcm.nl, then plan o n

p l n .

proof: suppose p X m .
T h e n by

the previous proposition, p
and

m a r e re la t ive ly prime, s o

F a , b E Z w i t h

1 = p
a t m b .

multiplying b y n
,

n = n p a t n m b .



B u t b y assumpt i on , p l a n ,

s o I K E Z , n m = p k .

T h e n

n = n p a t p u b

n = p l n a t k b )

⇒ p i n .

A



theorem: (other h a l f o f t h e fundamental

T h e o r em o f Arithmetic)

Up t o reorder ing o f t h e

product, t h e prime

factorization o f a na t u r a l

number i s u n i q u e .

proof'. Le t m e I N , n ? 2 .

Suppose I primes P i , Pa , - - i , Pm

and q , , 9 2 , . . . , E r ,
w i t h

P , E Pa t B E
- - - L pm and

E , E 921934
- - E E K

w i t h



n i p, Pa . - - Pm

n i q , 9 2
-

- - E k .

T h e proof proceeds b y i nduc t i o n .

For n = 2 , 2 i s prime.

F i x N E I N , n > 2 , and

suppose t h e statement o f t h e

theorem h o l d s Y a E I N ,

2 4 a L n .

Either p , I E ,
o r 9 , 2 P i .

w i t h ou t l o s s o f generality, a s s u m e

P, E E ,
i



D i v i d i n g o u t by E l , w e

h a ve

1 = 9293---Ek C- I N

q ,

s i n c e E , i s prime a n d E , I n ,

i f n = p , P a . - p m ,
w e k n o w

t h a t E , div ides Pt fo r s o m e

l e t E m by t h e previous
proposition

a n d y o u r
H W 3 question.

B u t Pa , P a , . . . 1pm
a r e a l l

prime and p , i s t h e smallest,

w i t h E , E p , s s o



q , I p , ⇒ q , = p , .

T h e n

I , = §, = P , Ps . - - P m
E I N

§, T 9293
-

- - E u .

Since q , i s prime,

I E I , L n .

I f I , = L ,
t h e n n i s prime.

I f I , 7 1 ,
t h e n b y induction,

t he factorization
o f § i s u n i q u e .



Therefore, t h e factorization o f

h i s u n i q u e , u p t o reordering,

D



fundamental T h e o r em o f Ar i thmet ic ,

f u l l S t a t e m e n t :

Let m e I N ,
n z 2 . T h e n n i s

e i the r prime o r m a y b e expressed

unique ly (up t o reordering) a s a

product o f p r imes .


